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THE COMPTON COOLING OF ELECTRONS BY PHOTONS: DEPENDENCE ON THE PHOTON ENERGY SPECTRUM
Abstract
The rate {per electron) at which a Maxwellian distribution of electrons with a temperature (T ) loses energy via Compton scattering to a Planckian distri bution of photons with an energy density (u) can be written:
where (a fl > is the classical Thompson scattering cross section and (a) is the Stefan-Boltzmann constant. The corre sponding rate is calculated for (nonThe rate at which electrons are cooled by photons via Compton scattering is determined by three parameters :
1. The average electron energy (E ). 2. The energy density u oS the radiation field. 3-The (weighted) average photon energy {(1 + n)hi/). This average is taken over the energy spectrum of the photons, and the weighting factor (1 + n) is the familiar factor that accounts for stimulated emission. In a three-temperature code such as LASNEX the first two parameters are known, in fact they provide the definition "We assume the radiation field to be isotropic, and ignore relativisUc effects. Planckian) photon spectra associated with a uniform fully-ionised isothermal gas sphere in local thermodynamic equilibrium.
It is found that the formula quoted above overestimates the cooling rate if scattering is significant and absorption is negligible; underestimates the cooling rate if the converse is true; and is ap proximately correct if both scattering and absorption are negligible.
The photon spectrum that maximizes the cooling rate is also determined.
Introduction iuction of the electrontemperature T and the radia tion temperature T according to the relations kT e =<2/3)<E e >,
where a <=7.56 X 10~1 5 erg/cm 3 Q K 4 ) is the Stefan-Boltzmann radiation constant. The remaining parameter is assigned the value 4kT appropriate to a Planckian photon spectrum, <{1 + n)hu) = 4kT (Planck spectrum), (3> T_ being defined in terms of the energy r # density u according to Eq. <2).
-3 Eq. <2) will be taken as the defining i elation for the radiation temperature T p throughout this paper.
-1 This procedure is of course valid if the photon spectrum is indeed Planckian. Even if the spectrum is not Planckian, however, there is a temptation to use this procedure because of its simplicity. It is therefore of interest to determine the extent to which it is valid when applied to non-Planckian photon spectra.
We shall see that this procedure is approximately correct so long as the photon spectrum itself is not significantly influenced by Compton scattering; that is, when we are dealing with an absorbing rather than a scattering atmosphere. An estimate of the correction that is required when the effect of Compton scattering on the photon spectrum is not negligible will be given. The maximum possible Compton cooling rate and the corresponding photon spectrum will also be derived,
The Compton Cooling Rate
The rate (per electron) of Compton cooling of electrons by photons is given b.y the expression
where <r 0 (=0.665 barns) is the classical Thomson scattering cross section, T is the electron temperature defined in accordance with Eq. (1), v is the photon frequency, u ( is the energy density spec trum of the photons.
•'n aT_ (6) conclusion that: the effect of stimulated emission is always to reduce the rate of electron cooling. Or: The neglect of stimulated emission will always lead to an overestimate of the Compton cooling rate.
If we assume the photon spectrum to be Planckian, that is
and ask for the Compton cooling rate con tributed by photons of frequency less than (mc/a 0 )E = 4(kT g -kT r ) I u^di/ 0 and n is the expected number of photons per radiation oscillator of frequency v, n = <c 3 /87rtH/ 3 )u".
(7)
Since n is nonnegative we can imme diately draw from Eq. (4) the important This convenient form of the expression for the Compton cooling rate is obtained directly from Eq. (5) of B. Weymann, Phys. Fluids 11, 2112 Fluids 11, (1965 , by multi plying by hi/ a"nd performing two integra tions by parts over all momentum space.
The Compton cooling Ep due to a Planck spectrum at a temperature T , or E T due to a trunnated Planck spectrum at "temperature" T , follow directly from Eq. (9):
The Maximum Possible Compton Cooling Rate and the Corresponding Photon Energy Spectrum
We wish to determine that photon energy spectrum u which maximizes the Compton cooling rate, the total energy density u of the radiation field being held constant. A glance at Eq. (4) shows that we must find u , such that This is a standard type of variational problem and is readily solved by-the method of undetermined multipliers. One finds that u is given by Eq. (7) where where r = T r / T eresult that 0, v > 1/ and (3.5333) kT .
(14) (15) The (normalized) energy spectrum u y (curve C) that maximizes the Compton cooling rate is compared with the (nor malized) Planck'spectrum (curve P) and the (normalized) bremsstrahlung spectrum (curve B) in Fig. 1 , Using this spectrum u we find the maximum Compton cooling rate to be
W<@-e [-fcfr) if}™
The ratio of the cooling rate Ep by a Planck spectrum (see Eq. 10) to the maxi mum rate possible is given by:
It is obvious from this (18) or: A Planckian spectrum of photons provides the maximum possible rate of Compton cooling in the low temperature limit (T^/T^ « 1). In fact E p is 77% of the maximum rate possible for T /T as large as 1/2.
It also follows from Eq. IS) that: If T" >(1.4151)T", electrons are always heated by radiation no matter what the photon spectrum may be.
Finally, one can ootain the unrestricted maximum rate of Compton cooling by choosing T in Eq. (16) so that E is maximized. The required value of T r is
and the unrestricted maximum cooling rate is given by:
This is the maximum rate of Compton cooling achievable by any radiation field, whatever its spectrum or energy density.
Compton Cooling by a Planck-Bremsstrahlung Spectrum
If scattering is negligible, the photon spectrum u at the center of a homoge neous isothermal gas sphere of radius R in local thermodynamic equilibrium is given by the relation
This spectrum has the property that (22) "<R/c)e , R-0, where u is the Planckian energy density spectrum and e is the spontaneous emis sion rate spectrum per unit volume of the radiating plasma. We assume the plasma -4.
ions to be completely stripped of electrons, so that the only contribution to the emis sion rate e f is due to bremsstrahlung. We have then c = (hb/2kT e > K Q (x/2> exp(-x/2), (24) where N and N. are the number of elec trons and ions (of charge Z) per unit volume, x = hi//kT . and K Q is the modi fied Bessel function of zero order and second kind. The Compton cooling rate Ep B re sulting from the "Planck-bremsstrahlung" spectra defined by Eqs. (21) and (23) 
P = (15/jr 4 ) x 3 /(e x -1).
The functions B(x) and P(x) are the normalized bremsstrahlung and Planck spectra. They are shown in Fig. 1 as the graphs labeled <B) and (P). The .normal ized spectrum that maximizes the Compton cooling rate is shown in Fig. 1 as the graph labeled (C). It is given analytically in terms of x by the relation C =<30/JT 4 )X 3 !(3.5333/X) -1).
Photor energy, x (normalized) Fig. 2 . A family of Planck-bremsstrahlung spectra (PS) for various values of the pa rameter a. Note how each curve follows the black-body curve (a = a>) at low energies and then peels off when the leakage of higher-energy photons becomes appreciable.
The radiation temperature T is determined by the relation <T/T J 4 =y = J PStix,
T 0 and the dimensionless parameter a of the one-parameter family of Planckbremsstrahlung spectra is given by
or in a form more convenient for numeri cal evaluation, (34) a = (0.459)<Z 3 'A. 2 )p r R/T^2 f where p is the density of the plasma (g/cm ), R its radius (cm), and T its electro*'; temperature (keV). Z and A are the charge and mass numbers, respec tively, of the plasma ions.
The one-parameter family of Planckbremsstrahlung spectra (PS) is shown in Fig. 2 for a sequence of values of the parameter a equal tc (0.1), (0.3), (1), (3), (10), (30), (100), and (oo>. The corre sponding normalized spectra (PS/y) are shown in Fig. 3. Photon energy, x (normalized) Fig. 3 . Normalized Planck-bremsstrahlung spectra (PS/y) for various values of the parameter a. These an the curves of Pig, 2, redrawn so tb^t each covers the same area.
-7-Energy density, y (dimensionless) Fig. 4 . The Compton cooling rate (z) for various photon spectra as a function of the energy density (y).
-8-
The dimensionless Compton cooling rate z due to Planck-bremsstrahlung spectra was computed numerically, and is plotted as a function of the (dimensionless) energy density y of the radiation field in Fig. 4 (curve labeled PB) . For comparison, the maximum possible Com'jton cooling rate (curve labeled C), and the cooling rate due to a Planck spec trum (curve labeled P) are also shown. Table 1 presents computed properties of the Planck-bremsstrahlung spectra for reference. Figure 4 shows that E pB exceeds E p over most of the range of energy density y from 0 to 1, reaching a peak value that is nearly ,wice as large as the peak value of EP. Although it is not None of the photon spectra dealt with so far lead to a Compton cooling rate that is significantly less than that due to a Plpnck spectrum. However, it is easy to conceive one that does, namely: A spec trum of relatively hard photons (((1 +n)hy) -4kT ) with a relatively low energy density u (T r « T e ). A sit uation in which such a spectrum arises is the interior of a mass of high tempera ture plasma that is transparent (a «1), but that is not small compared with a Compton mean free path (0 ~ l), 3 -R/?i c = CT n N e R = (0-4) (Z/A)pR.
Such a plasma represents an essentially purely scattering atmosphere. Let us consider the life of a typical photon in this purely scattering atmosphere.
-9-evident in Fig. 4 , the ratio Ep B /E_ becomes less than unity for small values of y, approaching the limit 5/6 as y tends to\vard zero.
We conclude that: The traditional Compton cooling rate E p will generally underestimate the true cooling rate E p " due to Planck-bremsstrahlung spectra, with the exception that E p slightly over estimates (up to 20%) the cooling rate when the energy density of the radiation is very low iy < 7 X 10" 3 >.
We also mention in passing that the Compton cooling rate £_, due to a trun cated Planck spectrum, Eq. (11), is roughly the same as E p r> over the entire range of y between 0 and 1, a not altogether unexpected result.
It is born with an average energy of (2/3)bT by the process of bremsstrahlung emission. It is then Compton scattered N times (on the average) before it finally escapes from, the scattering atmosphere and is lost. After the first Compton col lision it has gained (on the average) an amount of energy A(hi/), where
Averaging this energy gain over the photon energy spectrum and denoting the average by a bar, one obtains the result juAfnV) = (4kT e )Tu7 -<tu^,
= Hi7(4kT e -hD -(hv -hW 2 .
Denoting HF by K, Eq. (38) leads to the inequality
The Change in the Photon Spectrum Due to Compton Scattering and its Effect on the Compton Cooling Rate
where &E is an approximation to the increase in energy AE of the average photon obtained by neglecting the disper sion term on the right side of Eq. (38). The average photon energy E-after the first Cornpton collision is then
or more generally after the (n+l)th collision, E ) (41)
the last inequality requiring only that
a condition that is certainly satisfied in all cases of interest. We have then the gen eral result that »)( n = 0, 1, 2, . , . (44) subject to the initial condition that
Each member of E fi of the sequence of values obtained from Eq. (44) represents an overestimate of the average photon energy E after n Compton collisions. Although it is not difficult to use Eq. (44) to obtain E for any desired value of n by successive substitution, it is conveni ent (and sufficiently accurate for present purposes) to obtain an approximate solu tion of Eq. (44) In order to determine the Compton cooling rate we need to ascertain the weighted average photon energy ((1 + n)hf). We will approximate this average by ig noring the stimulated emission factor (1 + n). The weighted average photon energy exceeds the average photon energy (b.v) by at most 20% for any Planckbremsstrahlung spectrum (see Table 1 ), and by a still smaller amount after such spectra have been modified by Compton scattering, so the neglect of stimulated emission is justified in our present ap proximate treatment.
We need, then, to evaluate the average photon energy <hi/) N for a scattering atmosphere in which a photon is emitted as bremsstrahlun^ and experiences an average of N Compton collisions before escaping. This is obtained by averaging E appropriately over n from zero to N, because at any given instant equal numbers of photons will have undergone 0, 1, ...» N Compton collisions. (We are assuming that oach photon collides exactly N times before escaping.) The required average is
or replacing the sums by integrals, we have
where y = E /(2/3)kT e . The reason that (hv) N is not a simple average of E is that we require the average of ht/ over the photon energy spectrum rather than the photon number spectrum. The Compton cooling rate E p due to a Planck spectrum of photons Eq. (10) A graph of the dimensionless Compton scattering factor S^ versus the dimensionless parameter g is shown in Fig. 5 .
If, for example, we consider an iso thermal plasma with an electron temper ature of 30 keV, and of such dimensions that a photon emitted inside is Compton
The relation between the true Compton cooling rate E and the cooling rate E p that would result from a Planck spectrum of photons having the same energy density is summarized as follows: i) Scattering negligible (g « 1) and _2 absorption not significant (a < 10 ), (5/6) E p < E<E p .
ii) Scattering negligible (g « 1) and absorption significant (a > 10 ), E" < E < 2 (E D > .
(59) P r max scattered eight times on the average before escaping, then g = (4) (30) (8)/ (511) = (1.88), and we obtain from Pig. 5 the value (0.61) for the Compton scatter ing factor S5 N . That is: The Compton cooling of the plasma electrons is roughly half as great as would be the case if the photon spectrum were Planckian.
iii) Scattering significant (3 > 1) and absorption negligible (a < 10~ ), n N E p ~E<;<5/6) E p .
In cases (i) and (ii) the effect of stimu lated emission (as measured by the ratio of ((1 +n)hi/) to (fur)) is less than 20%: in case (iii) it is less than 2%.
We wish to stress that our calculation of the Corcpton scattering factor R N pro vides only a very rough estimate of this quantity.
Summary and Conclusions
RBC/md/ep 12-
